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Abstract

The paper presents VaR-based stochastic optimization model of asset-liability
management with no particular assumptions about distribution of returns and other random
parameters. VaR is widely accepted measure of portfolio risk and a number of research on
implementation of the VaR measure in portfolio optimization models appeared recently.
Proposed approach allows to include VaR constraints into the optimization model using

combination of Monte-Carlo simulation and stochastic quasi-gradient techniques.

1. Value-at-Risk measure in the optimization framework

In the last decade Value-at-Risk (VaR) became industry standard as measure of risk of
investment portfolios and widely used tool for risk evaluation and control. The important
problem which is considered in this context is the construction of the portfolio with pre-
determined constraints on VaR or with minimum possible VaR. As a consequence the task of
including VaR measure into optimization problem appears.

Traditionally VaR is determined as lowest amount L such that with probability o the
loss in portfolio value will not exceed L within some time interval t. Approaches for
calculation of VaR can be divided into two groups. The first approach is based on assumption
of probability distribution of risk factors (normal for returns or log-normal for values). The
second approach use Monte-Carlo simulations generating scenarios and does not depend on
particular distributional assumptions. The latter is very often the only possible technique for
large portfolios especially when it include instruments with options properties. But including
VaR into optimization problem is difficult due to bad mathematical properties (e.g. non-

convexity).
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One approach for optimizing VaR which is calculated from scenarios was proposed in
Rocafellar and Uryasev (1999). It use alternative risk measure, Conditional Value-at-Risk
(CVvaR). CVaR is defined as conditional expectation of losses above amount L (where L is
defined as in above definition of VaR). CVaR is better than VaR in terms of its properties, but
at the same time, optimizing CVaR is very close to optimizing VaR.

According to Rocafellar and Uryasev (2000) if we denote f(x,r(6)) - the function of
losses in portfolio value which depends on decision vector x and random parameters vector

r(8), and ®(x,L) - the probability that losses will not exceed L :
®d(x,L)= J.r: flar)sl p(r)dr, (1)

VaR and CVaR could be defined respectively as:
VaR(x,a)=min{L: ®(x,L)>a}, ()

1
CV&R(X, OL) - EL; f(x,r)>VaR(x,a

) f(x,r)p(r)dr : 3)
With function Fq (x,L) defined as:

Fo(xL)=L+—2—[  max{f(x,r)-L0lp(r)dr @)
1_a reR
(which is convex and continuously differentiable as function of o), CVaR and VaR could be

expressed as following:

CVaR(x,a)= aneig Fo(x,L), (5)
VaR = min{arg min Fy, (x, L)} (6)
LeR

Theorem 2 in Rocafellar and Uriasev (2000) postulates that minimizing of CVaR over

x € X is equivalent to minimizing F_ (x,L) over (x,L)e X xR so that:

min CVaR(x,oc):( n)win RFOL(x, L), (7)

xe X X,L)e X x
and while F_(x,L) is convex on (x,L), and if X is convex set, minimization of F_(x,L) is

convex problem.

In practice, having the set of observations over random vector r():
r,r,...ry,

we can approximate the function F_ (x,L) :
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(x,L)= L+mimax{f (x,r.)-L0}. @)

oL

Function If (x,L) could be included into optimization problem either as objective:

min ., (x,L), ©)
or as constraint:
F (x,L)<L. (10)
In order to linearize the problem, one can use auxiliary variables, so that:
— 1 N
F,(xL)= |_+(1_a)N leu (12)
f(x,r,)-L<u, u >0, i=1...,N. (12)

2. VaR-based optimization in the two-stage model

In many practical problems of asset-liability management some corrections of decision
parameters could be made after obtaining information about realizations of random
parameters. It means two-stage (or multi-stage in general case) setting of decision problem.
Some decision variables should be chosen before observation of the state of nature, but some
corrections are possible after observation. In this case, for example, the loss function could be
presented as f(x,y(x,0)r(6)), where x is ex ante (strategic) decision and y(x,0) is
correction (or adaptation) which is dependent on the decision x and the state of nature.

The problem for minimizing CVaR could be written as follows:

minL -+ E[u(o)] (13)
S.t.:

f(x,y(06),r(6))-L<u(®) as., (14)
u(O)Z 0 as., xeX, y(x,G)e Y (6) (15)

If loss function f(x,y(x,0),r(6)) is linear in x and y and sets X and Y include only linear in
x and y constraints, problem (13) - (14) become well known two-stage linear stochastic

programming problem. In its general form this problem can be written as:
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max X a+ E[y(x, O)T b(@)],

s.t.:
Dx<d, x>0,

y(x,8)=arg m;’alx{yTb(e) ‘B(B)y <q(6)-A(B)x, y> 0}.

(16)

where x and y(x,e) are first and second stage decisions respectively, a, d and D -
deterministic parameters, b(6), q(6), A(6) and B(6) - random parameters, 6 - state of

nature.

3. Approaches for solving two-stage model: combining of Monte-Carlo simulation with

optimization

The approach which is most often used in practice to solve problem like (16) is based on
Benders (1962) decomposition (see e.g. Infager (1994)). Modern techniques utilize Monte-
Carlo simulation for generating scenarios and efficient algorithms which allow solution of
very large scale problems.

In this paper we propose to use alternative technique which is well-known stochastic
quasi-gradient algorithm (see e.g. Ermoliev (1976), Ermoliev and Yastremsky (1979),
Ermoliev and Wets (1988)). Despite widely accepted thought about slow convergence rate of
quasi-gradient methods, our experience suggests that this approach is fully operational for
practical problems while considerably more flexible (in terms of class of problems which
could be solved) comparing to Benders decomposition and related algorithms.

For the problem (16) so-called “linearization” quasi-gradient method could be used. On
each iteration we calculate new approximation of the optimum, which is based on random
direction calculated using stochastic quasi-gradient:

Xt =x° +ps(iS —XS)

z*?t =7 +85(§5 —zs) 17)

x° :argmflx{xTzS ‘:Dx<d,x>0,xe Is}

S

where x° is approximation of the solution on the iteration s, &° is stochastic quasi-gradient -
random vector which satisfy following conditions:
E[ﬁs/xo,xl,...,xs]= Vl:(xs)vtbS

b*—>0 as. (s—w) ' (18
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z° is average of stochastic quasi-gradient over all iterations (it is necessary to guarantee
convergence), |° is the set of so-called induced constraints (we need induced constraints to
guarantee non-empty set for the second-stage problem).

Stochastic quasi-gradient for the problem (16) is calculated from the following
conditions (actually from the solution of the dual to the second-stage problem):

£ =a— A(@S)T v(xs, 65)

v(xt,0°) = argmin{v* ) (o - A(0° *): B(o* v, v > 0f

The set of induced constraint could be written as follows:

1° = {x:A0° )x < q(0° )} (20)

The algorithm consists in generating random scenarios ©° on each iteration, calculating

(19)

quasi-gradient using (19) (it requires solution of linear programming problem) and calculating
next approximation of the solution using (17) (one more linear problem).
It was proved in Ermoliev (1976) that process (17) converges to the optimal solution if

step coefficients p, and d, satisfy following conditions:

p. >0, 8 >0, p /5, >0 as. (s— )

Zw:ps = o0, Zw:SS =o0 as., (21)
s=0

s=0
o0
> p,
s=0

An example of such coefficients is as follows:

ps = Ki/(+s)*, 8s=Ka/(+s),
a>B, /2<a<l 12<B<1, (22)

0<K<Ki<Ky<K<w

<o as., i E[pi +8§]< 0

s=0

bS

The software for implementing algorithm (17) for the problem (16) was developed at
Economic Cybernetics department of the Kiev State University in 1991 (see Mertens (1991)).
This software (called ROS, i.e. Risk Optimization System), which is developed using
platform-independent C-code, solves general form of the two-stage stochastic linear problem
(16) and utilizes number of techniques which improve efficiency of the algorithm (for
example, speed up of the solution of linear problems on each iteration and adaptive algorithms
for the step size - see e.g. Uryasev (1991)). The stopping criteria, which is one of the main
difficulties in quasi-gradient algorithms, is based on observations on the statistics of objective
function in (16):
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1 \ i i
f, = (1+S)lef(x 0')

i (23)

F. ;Lf(x 6)

where f(xi,Gi) is the random value of objective on s-th iteration. The number of stopping

criteria are used in the ROS software including comparison with estimates of value of

objective functions in dual problem, e.g.:
|FS —Gs| <eg

1 : S \ S S
Gs —mlz«u ) d+V(X ,9 ))

— (24)
w* =argmin’a:Du 2 a0 vfx", o)

v(x',0) = argmin{v ) {a - A(6° }c*): Bo*Jv, v 2 0]
x@-vif<e
7 v 25 w0 vl o)

(for additional discussion on stopping criteria see e.g. Pflug (1996)).

(25)

5. Model of optimization of inter-bank loans portfolio

Proposed approach was used for the real-life asset-liability management problem,
namely management of the inter-bank loans portfolio of commercial bank. The problem
consists in establishing of tomorrow limits of operation for the instruments with different
maturities so that the Value-at-Risk of inter-bank loans portfolio was at pre-determined level
and the expected return on entire portfolio was at maximum.

Let us define:
W(8)=W +w(6) is exogenous to the model general limit on tomorrow inter-bank

operations which is defined form financing needs or excess liquidity of the bank;

t - time to maturity of particular instrument;

q(e) - tomorrow spot rate at inter-bank market (continuously compounded);
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p,(0)=exp(~r,(6)-t) - tomorrow price of one currency unit of inter-bank loan with
maturity t;

s, - existing position in particular instrument;
X, - tomorrow limit (decision);
y,(x,8) - tomorrow correction of the limit which is bounded in some way.

The loss function which is necessary to build VaR constraint is defined as dollar

duration of total inter-bank loans position:
f(X, Y(X’e)'e): _Zt' Pt (e)'(st +X Y, (9))
t

The possible objectives are minimizing of the Value-at-Risk of inter-bank loans
portfolio or maximizing of the total return:

max| Y (0)(x+0)]

t

The problem was solved for more than one hundred instrument (inter-bank loans with
120 different maturities) for the real-life situation at the Ukrainian inter-bank loans market.
The number of utilized scenarios (iterations in quasi-gradient algorithm) was up to 100,000,
but for the relatively good approximation of the optimal solution it was enough about 10,000
iterations. The time of calculations at ordinary Pentium I11 1 GHz processor was about 30 min
for 10,000 iterations.

6. Conclusion

The paper demonstrates possibilities of using quasi-gradient techniques in VaR-based
asset-liability management optimization models. The approach was used for real-life problem
of inter-bank loans portfolio management. The obtained result demonstrate that this approach
is fully operational and efficient while allowing to solve more general (comparing to
traditional approach) form of two-stage stochastic programming problem.

The main directions of future research are (1) development and practical
implementation of wider range of asset-liability management problems (including credit risk

management, etc.) using proposed approach, and (2) precise comparison in terms of efficiency
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of numerical algorithms between traditional (based on Benders decomposition) techniques

and quasi-gradient methods.
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